DATHOC QUOC GIA HA NOI PE THI TUYEN SINH VAO LGP 10
TRUONG DAIHOC KHOA HQC T NHIEN ~ TRUONG THPT CHUYEN KHTN NAM 2024

L D2 chinh thire 1

MON THI: TOAN (cho tit ci cdc thi sinh)
Théi gian lim bai: 120 phit (khong ké théi gian phat ad)
Ciu . (3,5 diém)
1) Giai phuong trinh
1 1
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2) Giai hé phuong trinh
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Céu IL (2,5 diém)
1) Tim céc s nguyén duong x,, z thoa man hé phuong trinh

27%’ +27x* 410y = (x +3z2)’,
27y’ +27y* +10x = (y +3z)’.
2) Véi a,b,c 14 cac sb thye duong théa mén didu kién
(a+2)8 +(b+2)c +(c+2)a* = 8+abe.
Chimg minh ring
2(ab+be+ca)sa’(a+b)+b* (b+c)+c*(c+a).
Ciu IIL (3 diém)
Cho hinh vuéng ABCD. Léy diém P thujc canh AB (P khic A va B). Goi J 1 tam
dudmg tron ndi tiép cia tam gide PAD.
1) Chimg minh ring ti gidc PJDB ndi tiép.
2) Goi H la tryc tAm cua tam gidc PJD, S 1a giao diém cla JH va AD. Chimg minh
ring SH= SD. _
3) Goi L la tam dudng tron ndi tiép cta tam gidc PBC, K 1A tryc tim cia tam gide
LPC. Dutng tron ndi tiép cia tam gide PCD tiép xiic CD tai E. Liy F thuje doan
thing CD sao cho CF = DE. Chimg minh ring tam gic FHK vudng cin.
Ciu IV. (1 diém) _
Cho bang 8 vudng kich thuée (2023x2023), 8 vudng ¢6 kich thude (1x1) duge goi 1a &

vuéng don vi. M3i 6 vuéng don vj ciia bang :obingmottrongzma\xqenhoactréns
s & vudng don vi t& mau den dugc ké voi it nhit 3 6 vuéng don vi td mau tring
c6 canh chung duge goi 12 k& nhau). Hoi s 6 vudng don vi dugc t6 mau
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LOI GIAI DE TOAN DIEU KIEN LGP 10/2024
THPT CHUYEN KHTN

V6 Quéc B4 Cdn — Nguyén Lé Phudc — Nguyén Tién Diing — Tran Dirc Hiéu
Tran Quang D9 — Phan Quang Linh — Vii Minh Dirc — Dao Phic Long

Bai 1 (3.5 diém).
a) Giai phudng trinh

1 1 1 1
V5x24+10x+30 34/x2—2x+6 345 /x*+8x2+36

b) Giai hé phuong trinh
1 1
(— + —) G +xy) =8,
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L&i gidi. a) Phuong trinh luén xdc dinh v6i moi sb thuc x. Pit @ = +/x2+2x + 6 va
b = +/x% —=2x + 6, khi d6 ta c6 ab = +/x* + 8x2 + 36. Phuong trinh di cho c6 thé dugc

viétlaithimhﬁ-l—%=3+G.+uib.hay(a—3)(b—\/§) = 0. Tt day, ta c6 @ = 3 hoic

b = /5. Xét ting trudng hgp, ta tim dugc tap nghiém ctia phuong trinh da chola § = {1, —3}.
b) Diéu kién: xy # 0. Phuong trinh thi hai ¢6 th€ duge viét lai § + Tyly §+3 =8, hay
(% + %) (x + 2y + 1) = 8. K&t hop vdi phuong trinh thit nhit ciia hé, ta dudc

xy+3=x4+2y+1,

hay (x —2)(y — 1) = 0. Tu dé x = 2 hoidc y = 1. Xét ting trudng hop, ta tim dugc tt ca cic
nghiém (x, y) clia hé phuong trinh da cho 1a (1, 1), (3, 1), (2, 9—533) , (2, 9+4ﬁ§) . O

Bai 2 (2.5 diém).
a) Tim tit ca cdc s6 nguyén duong x, y, z thda man 27x° 4+ 27x% + 10y = (x + 3z)°
vii 27y 4 27y2 + 10x = (y + 32)2.

b) Cho cic s6 thuc duong a, b, ¢ théa man (a +2)b?+ (b +2)c?+ (c +2)a* > 8+abc.
Chiing minh rang a(a + b) + b*(b + ¢) + ¢*(c + a) > 2(ab + bc + ca).
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L&i gidi. a) Khong mit tinh tdng qudt, gia sit x = y. Tir gia thiét, tacé 27x* 4 27x% 4 10y
la s6 lip phuong. Mit khic, ta lai co

(3x) =27} < 270 4270 +10y = 277 42702+ 10x < 277 +27x2 +10x < (3x+2)°,

nén 27x* = 27x* + 10y = (3x + 1), hay 10y = 9x + 1. Khi dé, ta co
00y — 10
27y + 2792 + 10x = 27y + 2792 + IJTI_
Theo gi thiét thi 27y + 27y + 10x 1a sé 1ap phuong nén 27y% + 27y2 + 2210 15 o5 1ap
phuong. Mit khic, ta lai co

100y — 10
3y <2+ 27y + ——— < 3y + 2)°,
nén 27y% 4 27y2 4 W10 _ 3y 4 1)% hay y = 1. Két hop véi 10y = 9x + 1, ta duge
x = 1. Thay tré lai gia thiét, ta tim dugc ngay z = 1. Viy, c6 duy nhit mdt bé s6 (x, v, z)

thoa min yéu ciu dé bai la (1, 1, 1).
b) Gia thiét clia bii todn ¢6 the duge viét lai thanh
8<2a® + b7+ %)+ (ab® + be? + ca® —abe). (1)

Khéng mit tinh tong qut, gia sit b ndm gilta a vi c. Khi d6, tacé alb—c)(b—a) = 0. Suyra
ab? + ca’ < abe + a’b. Tit day, két hgp vdi bit ding thilc AM-GM, 1a ¢é

2 2 2 1
ah3+br2+<‘az—abr£b[az+cgj= 'rb‘?_‘—fﬂl—-f—c‘z]z:Z}/bﬂ.a 4 c ,ﬂ +c

2 2
2 24 ~2%3
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Két hop vdi gia thiét (1), ta dude

a?+b? +¢? )3

352&:"+b’+r2}+2‘j( :

Tir d6, ta dé dang suy ra a® + b* + ¢ = 3. Ké hop vdi cdc bit diing thiic phu quen thude
ab + be +ca < —;[a +b+c) viaab + be + ca <a* + b + ¢, ta duce

2(ab + be + ca) = 2ab + be + cavab + be + ca

2 2 nd
E2,{%{ﬂ+b+f}2\,€a-’-+b1+ﬂ31§'#

2 ¥ 2
31.'& +b4o)a* + B +ch.

Nhu viy, d€ chiing minh bit diing thiic da cho, ta chi cin ching minh

2 2
a'la+b)+b' b+ )+ e +a) = Sa+b+o)a’ +b° + 7).
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Biit diing thiic nay tuong duong véi
a*+ b+ +a?h + be +c2a = 2ab* + 2bc* + 2cd?,

hay
bla—b)Y +c(b—c)* +alc—a)* = 0.
Biit diing thiic cudi hién nhién diing. Tir ddy, ta c6 diéu phai ching minh. O
Binh ludn. Mot cich khic d€ lam ¥ b) ciia bai todn la bién déi gia thiét thanh
a b c

> 1.
42 T exataraz! 2

Chiing minh diéu nay rit don gian, ta chi cin sit dung bién ddi tuong ducng la duge. Biy gid,
sit dung bét ding thifc Cauchy-Schwarz, ta dudc
a alb +c2+a? y alb+c2+a
b+2 (b+1+Db+ci+a)~ (@+b+c)

Thiét lap cic bt dang thiic tuong ty roi cong lai, sau do sit dung bit ding thiic (2). ta dugce

- a(hb + ¢+ a® + b(c + a* + b*) + cla + b*> + ¢?)
- (a+b+c)
ab + be + ca + a*(a + b) + b*(b + ¢) + (¢ + a)
(a+b+c)? '

Ti dé suy ra (a + b + ¢)* < ab + be + ca + a*(a + b) + b*(b + ¢) + ¢*(¢ + a), hay
a*(a + b) + b*(b + ¢) + c*(c + a) = a* + b* + ¢ + ab + bc + ca.
Miaa? + b2 + ¢ > ab + be + ca nén
a*(a + b) + b*(b + ¢) + c*(c + a) = 2(ab + bc + ca).

Day chinh la bét ding thiic cin chiing minh.
Cich nay tuy don gian nhung viéc nghi ra bién ddi gia thiét thanh bét ding thic (2) la mot diéu
hét sitc khong tu nhién. Vi vy, trong 15i gii, chiing tdi chon trinh bay cich nhu & trén.

Bai 3 (3.0 diém). Cho hinh vuéng ABCD. Liy diém P thudc canh AB (P khic A va

B). Goi J la tim dudng tron ndi tiép clia tam gidc PAD.

a) Chiing minh ring ti giic PJDB ndi tiép.

b) Goi H la tryc tam ctia tam gidgc PJD, S la giao diém cia hai dudng thing JH va
AD. Chitng minh ring SH = SD.

c) Goi L 1a tim dudng tron ndi tiép cla tam gidgc PBC, K la truc tam ctia tam gidc
LPC. Pudng tron ndi tiép ciia tam gidac P CD tiép xic vdi dudng thing CD tai diém
E. Liy diém F thudc doan thing CD sao cho CF = DE. Chiing minh riing tam
giac FHK la tam gidc vudng cén.
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L&i gidi. a) Hai tam gidc AJD va AJB bing nhau (c-g-c) nén ZADJ = ZABJ = ZPDJ.
Tir d6 suy ra uf gidc BDJP ndi tiép.

b) Goi M la giao diém ctia hai duong thing PJ va HD. Vi ZDBP =45° nén ZMJD = 45°, suy
raZMDJ =45° Tuday, taco ZDHP = 45°. Mat khac, talaicé ZJHP = /ZJDP=/JDS
nén ZDHP — ZSHP = ZMDJ — ZJDS.Titd6 ZSHD = ZSDH, suy ra SH = SD.

¢) Goi Z la giao diém cilia dudng thing K L va dudng thing PC: X la giao diém ctia dutng
thing HJ va PD. Goi G. T tong ting la hinh chiéu vuéng géc clia cdc di€ém H. K trén dudng
thing CD. Tacé ZDHG = /SDH = ZSHD, do d6

DA+ DP — AP

DG = DX = 3

Hoiin toin tuong ty, taciing ¢6 CT = CZ = CL2CE=BE vy CF = DE = 2CEOP=CP pip
day, véi chu y tam giac HPD c¢6 ZPHD = 45° vi J la tric tam tam gidc, ta dé dang chiing
minh dugc HJ = DP (diy la mét két qua quen thudc). Lai ¢c6 JX = w nén

_ AD + AP + DP

HX
2

=CF +CT =TF.

Chitng minh tuong tu, tacé K7 = FG.Tudé AGHF = ATFK (c-g-c). Tit diy, ta dé dang
suy ra tam giac FH K vuong can. O

Bai 4 (1.0 diém). Cho bing 6 vuéng kich thudc 2023 x 2023. Mdi 6 vudng ddn vi ctia
bang dugc td bang mot trong hai mau den hoic tring sao cho mdi 6 vudong don vi to
mau den dudc ké vdi it nhit ba 6 vuéng don vi té mau tring. Hoi, s6 6 vudng 6 vudng
don vi dudc té6 mau den nhiéu nhit 1a bao nhiéu? (Hai 6 vuéng don vi c6 canh chung
duge goi la ké nhau.)
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L&i giai. Bang 6 vudng di cho c6 thé chia thanh 1022121 béing con kich thudc 2 x 2, 1011
bang con kich thuée 2 x 1 d ria phai cia bang da cho, 1011 biang con kich thude | x 2 d ria
bén dudi ctia bang da cho va mdt bang con kich thude 1 x | & géc dudi bén phai. Ta thy

. * - . X A DY -~ -~ - A ” -~ ~
e MGi bing con 2 x 2 ¢6 nhiéu nhét hai 6 vuong duge t6 mau den. (Néu c6 ba 6 vuong
dudc 16 mau den thi sé c6 mot 6 den ma chi ¢é khong qua hai 6 ké vdi né dudce 16 mau
trang, mau thuin.)
e MS&i bing con 2 x 1 ¢6 nhiéu nhit mot 6 vudng dude t6 mau den. (Néu ca hai 6 vudng déu
dude t6 mau den thi méi 6 sé ¢6 khong qua hai 6 ké vdi n6 dude t6 mau tring, mau thudn.)

e M&i bang con | x 2 ¢6 nhiéu nhat mot 6 vuong dude té mau den. (Néu ca hai 6 vuong déu
duge t& mau den thi mdi 6 sé ¢6 khong qua hai 6 ké vdi né dude 16 mau trang, mau thuin.)

e Bing con | x 1 & géc dudi bén phai chi c6 hai 6 ké vdi né nén dude té6 mau tring.

Nhu viy, s6 6 vuéng dudc 16 mau den khong vugt qua 1022121-2+ 1011 + 1011 = 2046264.
Miit khic, cdch t6 mau sau théa min yéu ciu bai todn.

"

Viy, s6 6 vuong dudc 16 mau den nhiéu nhét 1a 2046264, O




